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Abstract 

Let Qn,d denote the uniformly random d-regular graph on n vertices. For any 5 C [n], 
we obtain estimates of the probabihty that the subgraph of Qn,d induced by 5 is a given 
graph H. The estimate gives an asymptotic formula for any d = o(n^/^), provided that 
H does not contain almost all the edges of the random graph. The result is further 
extended to the probability space of random graphs with a given degree sequence. 

1 Introduction 

Properties of subgraphs and induced subgraphs in random graph models have been inves- 
tigated by various authors. Rucihski [121 [H] studied the distribution of the count of small 
subgraphs in the standard random graph model Qn,p, and conditions under which the distri- 
bution converges to the normal distribution. He also studied properties of induced subgraphs 
in [13]. 

Techniques for analysing the standard random graph model Qn,p often do not apply in the 
random regular graph model Qn,d- We take the vertex set of the graph to be [n] in both these 
models. For 5* C [n], let Gs denote the subgraph of G induced by S. For a graph H with 
vertex set S, computing the probabilities P(Gs 5 H) and P{Gs = H) in Qn,p is trivial, but 
computing them in Qn,d is not easy, especially when the degree ci — )■ oo as n — )■ oo. McKay [H] 
estimated lower and upper bounds of P{Gs 5 H) in Qn^ when the degree sequence of H and 
d satisfy certain conditions. These bounds are useful in estimating the asymptotic value of 
"PiGs ^ H) when d is not too large or H is small. Z. Gao and the third author [6J proved 
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that the distribution of the number of small subgraphs with certain restrictions (such as d not 
growing too quickly) converges to the normal distribution in Qri,d- No such results on induced 
subgraphs have been derived, although the main results of |B] could be used as a basis for 
obtaining results on induced subgraphs. However, this would require severe restrictions on 
the size of the subgraphs, and seems unlikely to apply to subgraphs with more than n^/^ 
vertices for any d. 

On the other hand, for very dense regular graphs, Krivelevich, Sudakov and Wormald [7] 
computed P(G's = H) in Q^^ when n is odd, d = {ri-l)/2 and \ V{H) \ = o{^). McKay [H] 
has recently given a stronger result, for more general degree sequences and provided H has 
less than n^'^'^ edges for some e > 0. 

An asymptotic formula of the probability that Gs = H or Gs ^ H in a. random bipartite 
graph with a specified degree sequence has been derived by Bender [2j when the maximum 
degree is bounded. The result was extended further by Bollobas and McKay [1] and by 
McKay [9] when the maximum degree goes to infinity slowly as n goes to infinity. Greenhill 
and Mckay [5] recently derived an asymptotic formula for the case when the random bipartite 
graph is sufficiently dense and H is sparse enough. 

For a vector d = {di, . . . ,dn) of nonnegative integers, let M = M(d) = X^iLi 
let Qd denote the class of graphs with degree sequence d and the uniform distribution (so 
Qd is a generalisation of Qn,d)- In this paper, we compute the probability that Gs = H in 
Qd when (imax = o((M — 2m{H)Y^^), where m{H) denotes the number of edges in H and 
c^max = max{(ii, . . . , dn}. The power of this result is that there is no major restriction on the 
size or density of H. In Section |2l as a direct application of our main result, we compute the 
probability that a given set of vertices in Qn,d is an independent set. Our results will also be 
useful as a basic tool for studying the properties of induced subgraphs in the binomial random 
graph Q{n,p), such as the subgraph induced by the vertices of even degree, or odd degree. 

A graph G is called a B-graph with vertex bipartition (L, R) if V{G) = L U R, and L 
is an independent set of G. If the graph is not necessarily simple, i.e. loops and multiple 
edges are allowed, we call it a B-multigraph instead. An edge in a B-graph or B-multigraph 
is called a mixed edge if its end vertices are in L and R respectively, and a pure edge if they 
are both in R. Given a nonnegative integer vector d, let Q{L,R,d) be the set of B-graphs 
with bipartition L and R and the degree sequence d and let g{L,R,d) = |^(L,_R, d)|. By 
convention, g{L, i?, d) = if d is not nonnegative. 

Given a sequence d, let g{d) denote the number of graphs on vertex set [n] with degree 
sequence d. Given S* = [s] C [n], let if be a given graph on vertex set S with degree sequence 
{ki)i<i<s- Let d' be the integer vector defined by d[ = di — ki foiieS and d[ = di for i G MVS'. 
Then the number of graphs with degree sequence d and with Gs = H is g{S, [n] \ S, d'), and 
so the probability that Gs = H in Qn,d equals g{S, [n] \ S, d')/g{d). So the study of induced 
subgraphs leads directly to the question of counting B-graphs. 

The following theorem by McKay [H] gives an asymptotic formula for g{d) when (i^^x ~ 
o(M(d)). (The restriction on (imax was relaxed further by McKay and Wormald in jlOJJ, but 
to do so requires a few extra terms in the exponential factor of the asymptotic formula, and 
is not needed for the purpose of this paper.) 

Theorem 1.1 (McKay) Let d = {di,...,dn) with Yl^=id'i even and dmax = o(M(d)^/^). 
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The number of graphs with degree sequence d is uniformly 
as n —)■ oo. 

By "uniformly" in the above theorem we mean the constant imphcit in 0(.) is the same for 
all choices of d as a function of n, for a given function implicit in the o(.) term. A special 
case of Theorem 11.11 gives that the number of (i-regular graphs on n vertices is asymptotically 

{dn)\ / rf2-l\ 

2'^-/2(dn/2)!(rf!)" ■ """^^ V ~ ) ' 

when d = o(n^/^). 

Our main result is an asymptotic formula for g{L, R, d), to an accuracy matching McKay's 
formula in Theorem 11.11 This is given in Section |21 together with its direct applications to 
estimating P{Gs = H) in Q^, and some special cases are also given there. The proofs 
use the switching method, first introduced by McKay [9], with refinements by McKay and 
Wormald [10], and suitably modified for our purposes here. In Section |3] we use switchings to 
estimate the ratios between probabilities defined by the counts of loops and various types of 
multiple edges. In Section H] we again use switchings to evaluate some variables appearing in 
those estimates, and in Section |5] we use these to prove the main theorem. 



2 Main results 

Our main goal in this paper is to estimate g{L, R, d). We first define some notation. For any 
positive integer n, let [n] denote the set {1,2,..., n}. Given a sequence d = {di, . . . , dn), let 
rfmax = max{di,i E [n]} and let M2(d) = Y^^^^i d-Mi - !)• Define /i(d) to be M2(d)/2M(d). 
For any S C L U R, define 

Mi(d, S) = J2d^, M2{d,S) = Y,d^{d^-l), 



, r J,^ (Mi(d,fi)-Mi(d,L))M2(d,fi) 

_ M,{d,R)M,{d,L) 
'^^^^'^'^^ - 2M,{d,Ry ' ^^-^^ 
lX2{d, L,R) = fio{d,L,Rf. (2.3) 

We drop the notations L and R from /ii(d, L, R) for i = 0, 1, 2 when the context is clear. Note 
also that if Mi(d, R) < Mi(d, L), then g{L, R, d) is trivially 0, so we may assume that 

Mi(d,i?) > Mi(d,L). (2.4) 

The following theorem, proved in Sectional gives an asymptotic formula for g{L, R, d). 
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Theorem 2.1 Let d = (di, . . . , with YM=i'^i ct'en, dmax = o(M(d)^/^) anc? Mi(d, i?) > 
Mi(d, L). r/ien uniformly over all L and d as — )■ cxd, 

Mi(d /?Vp"^o(d)-Ati(d)-At2(d) / / \ 

aj - RWA^,M nW9//,^ / J /J rNA /oM nn 77 -'- + '^ 



2(Mi(d,fl)-Mi(d,L))/2((jvfi(d,i?) -Mi(d,L))/2)!nr=i^^i! V V^(d)/. 
Applying Theorems 12.11 and II . 1 1 we directly get the following. Here d'^^^ denotes meix{d[, . . . , d'^}. 

Corollary 2.2 Let d = (di, . . . , dn) with Yl^=i even and (imax = o{M{dY^^). Let S = [s] <Z 
[n], let H he a graph on vertex set S with degree sequence k = {ki, . . . , kg) , let h = Yli=i ^« 
and let d' = {d[, . . . , d'^) with d[ = di — ki for i & S and d[ = di for i ^ S . If d[ <Q for some 
i e [n] or Mi(d', \n] \S) < Mi(d', S), then Pg^(S, H) = 0. Otherwise, if d'^^^ = o{M{d'y/^), 
then uniformly 

Pg,iS,H) = exp(^-^^oid')-^,,{d')-^^,{d')+^^{d)+^^{dr + o(^-^ 

Mi(d', [n] \ 5)!2*^i('i''^)+'^/2(M(d)/2)! 



X 



i=l 



((Mi(d', [n] \ S) - Mi(d', 5))/2)!M(d)! 



where /ii(d') = /ii(d', S, [n] \ S) for i = 0, 1 and 2. 

Proof. Recall that g{d) denote the number of graphs on vertex set [n] with degree sequence 
d. We have 

g{S, [n]\S, d') 

'■^^ '^^ ^) ■ 

The corollary now follows from the formulae for g{S, [n] \ S, d') in Theorem 12.11 and g{d) in 
Theorem 11.11 I 

Let Pg^^^{S, H) denote the probability that Gs = H for a random (i-regular graph G. 

Corollary 2.3 Given < s < n, let S = [s\ C. [n], let H he a graph on vertex set S with 
degree sequence k = (fci, . . . , /c^) with hi < d for all 1 < i < s , and put h = Yli=i ^i- Assume 
d = o{{n- sy^^). Then 

Pg^S^H) = exp(^-^o(d')-/ii(d')-^2(d') + ^^ + 0(rfV(dn-/i))^ 

(dn-ds)!(dn/2)!2"'^-^/2 



i=l 



{{dn - 2ds + h)/2)\{dn)\ 



where d[ = d — ki for i E S and d[ = d for i ^ S , and fii is defined as in Corollary \2. 2 . 

Proof. We apply Corollary 12.21 By the definition of n{d), we immediately get that fi{d) + 
/i(d)^ = {d"^ — 1)/4 when d is a constant sequence with each term d. We also have M(d) = dn, 
M(d') = dn-h, Mi(d', S) = ds - h, Mi(d', [n] \ S) = dn - ds, and d'^^^ < d. Moreover, 

M(d') dn-h n-h/d-n-s ^ ^' 
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since h < ds and d = o{{n — sY^^). I 

The formula in Corollary 12.31 easily simplifies if the graph H is not too large. 

Corollary 2.4 Let S, H, k and h be defined as in Corollary \2.3[ If d = o{n^^^), s^d = o(n) 
and d'^s = o{n), then 



s 

PgUS,H) = {l + 0{{d' + s'd + dh)/n)){dnr'^/'l[[d\,^ 



i=l 

Proof. Since d'^s = o{n), we have h = 0{ds) = o{n) and hence d'^/{dn — h) = 0{d^/n). 
Similarly, 

Mi(d', R) = dn + 0{ds), Mi{d', L) = 0{d's) {i = 1, 2), M2(d', R) = d{d -l){n- 0{s)) 
and hence from (IXTD-dOIl. 

/io(d') = ^ + 0(rf3/n), fi,{d') = 0{dh/n), ^2(d') = ^^^ + 0(rfV^). 
Thus /io(d') + /ii(d') + /i2(d') = {d^ - l)/4 + 0{dls/n). 



The corollary now follows upon applying Stirling's formula in the form n\ = y/27m{n/ e)"(l+ 
0{n^^)) to obtain (ignoring negligible error terms) 



{{dn-2ds\h)li)\{dn)\ ~ V~/ (1 - 2s/n + Vt^n)('^"-2'^^+'^)/2 ' ' 
Another interesting special case is when H is empty. 
Corollary 2.5 Assume d = o(n^^^). Then for any S C [n] with s = l^l < n/2, 

where S = S{n) = s/n, and 

5{d-l){5d-2 + 5) 

^^^'^) = ia^Tp — • 

Proof. This is a simple application of Corollary 12.31 with h = 0, noting that 
_ (rf - l)(n - 2s) _{d- Ifs _{d- lf{n - 2sf , 

/^O — ^ ! f^l — -TT, 



2{n-s) 2{n-s) A{n - sf 

Note that if d{n — 2s) — )■ oo, then the probability that 5* is independent under the conditions 
in Corollary 12.51 can be further simplified using Stirling's formula to 

(1 + O(dV-) + 0{l/{dn - 2ds))) ( (iL^'^yiX/^ ) ^)) ■ 
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3 The main switchings 



We can use the pairing model to generate B-graphs with the vertex partition L U R and 
the degree sequence d = {di, . . . Consider n buckets representing the n vertices. Let 

each bucket i contain di points. Take a random pairing of these points. We say a pairing is 
restricted if no pair has both ends in the buckets representing vertices in L. Let Ai{L, R, d) 
be the class of all restricted pairings. Every such pairing corresponds to a B-multigraph by 
contracting all points in each bucket to form a vertex. In the rest of the paper, a bucket in a 
pairing is also called a vertex. A pair in a pairing is called a mixed (pure) pairii it corresponds 
to a mixed (pure) edge in the corresponding B-multigraph. Thus, in a restricted pairing, each 
pair is either mixed or pure; pure pairs have both points in a vertex in R. Note that any 
simple B-graph corresponds to nr=i'^«' restricted pairings in J^{L, R,d). Hence, all simple 
B-graphs occur with the same probability in the pairing model. 

The main goal of this section is to compute the probability that a B-multigraph generated 
by the pairing model is simple. We say that u[}, {u2, M2}, {"^3, ^3}} is a triple pair if ui, 
U2, U3 are in one vertex and u'l, u^-, u'^ are in another vertex. We call the two vertices involved 
the end vertices of the triple pair. If the end vertices are in L and R respectively, the triple 
pair is called a mixed triple pair, and otherwise it is pure. Given a random restricted pairing, 
let Ti and T2 be the number of mixed and pure triple pairs respectively. In this section, 
there is only one degree sequence d referred to, so we drop the notation d from M(d) and 
Mj(d,L), Mj(d,i?), /ii(d) for simplicity. Since Mi{R) > Mi{L) by assumption ( 12. 4p . we have 
Mi{R) > M/2. 

Lemma 3.1 E(Ti) = O(CJM) and EiT^) = 0{diJM). 

Proof. For any two vertices i & L and j G R, we compute the probability that there is 
a triple pair with end vertices i and j. There are (3*) ways to choose three points from the 
vertex i and {^^) ways to choose three points from the vertex j. There are 6 ways to match 
the six chosen points to form a triple pair. For any positive even integer m, let U{m) denote 
the number of pairings of m points. Then 

m/2-l I 

U(m) = T] (m-2i-l) = — , 

f=o 2™/2(m/2)! 

The probability for the three particular pairs to occur is 

[M,{R) - 3]M,(L)-3UiM,iR) - Mi(L)) 3 
[M,{R)]M,iL)U{M,{R) - ^h{L)) ^ ^ 

(noting that Mi{R) > Mi{L) implies Mi{R) — t- 00). This is because the number of ways 
to match the remaining Mi{R) — 3 points in L to points in R, except for the three chosen 
points in the vertex j, is [Mi{R) — 3]mi(l)-3, and the number of matchings of the remaining 
Mi{R) - Mi{L) points in R is U{Mi[r) - Mi(L)), whilst the total number of restricted 
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pairings is [Mi{R)]m,(l)U{Mi{R) - Mi{L)). Hence we have 




max 



M3 y V ^ 

where the second equahty uses M/2 < Mi{R) < M. 
A similar argument gives 



M3 




A pair {m, m'} is called a /ooj* if u and m' are contained in the same vertex and two pairs 
{ui, u[}, {u2, u'2} are called a double pair if Ui, U2 are in one vertex and u[, u'2 are in another 
vertex. We call two loops that contain points from a common vertex a double loop. Let / be 
the number of double loops. The proof of the following is a simple modification of the proof 
of the previous lemma, so is omitted. 

Lemma 3.2 E(/) = 0{dl^jM). I 

Lemmas 13. II and 13.21 show that a.a.s. there are no triple pairs or double loops in a random 
restricted pairing, under the assumption d^^^^ = o(M(d)). So we only need to consider loops 
and double pairs. In a restricted pairing, there are two types of double pairs. One is that Ui, 
U2 are contained in a vertex in L and u[, u'2 are contained in a vertex in R. The other is that 
all of Ml, M2, u\ and u^ are contained in vertices in R. We call the former type mixed and the 
latter type pure. 

Let i?o, Bi and B2 be the numbers of loops, mixed double pairs and pure double pairs 
respectively. We first compute the expected value of i?j for z = 0, 1, 2. Recall from ( I2.ip -f l2r3|) 
that 



(Mi(i?) - M^{L))M2{R) M2{R)M2{L) 



.2 



Lemma 3.3 Fori = 0, 1,2 we have EBi = 0{fii). //rfmax = o{M^^^) and Mi{R) - Mi{L) 
00, then, more precisely, EBi ~ fJ^i for i = and 1, and EB2 = (1 + o(l))/i2 + 



Proof. Using small modifications of the proof of Lemma [3.11 we immediately get 
EBo 



^ (d,\ [M,{R) - 2]m,(l)U{M,{R) - M,{L) - 2) 
^ [2) [M,{R)UiL)U{M,{R) - M,{L)) 

^[d.]2 0{M,{R)-M,{L)) 



7 



-2]M,iL)-2U{M,{R)-M,{L)) 



M2{L)M2{R) 



(L)U{M^{R)-M^{L)) 



V o/^^A (d^ - ^W(L)U{M,{R) - Mi(L) - 4) 

^M<, [Mi(/2)]M,{L)f/(Mi(/2) - Mi(L)) 

1 M\ MA [Mi(i?) - 4]M,(L)^(Mi(i?) - Mi(L) - 4) 

12^2^ [M,{R)]m,(,)U{M,{R)-M,{L)) 

-1 V 2 r^^*^ r^^*^ - 4]M,(L)^(Mi(i?) - Mi(L) - 4) 

2^ ^2^2^ [Mi(i?)]M,(L)f/(Mi(i?)-Mi(L)) 

M,{Rf 0{{M,{R) - M,{L)f) 
= —4 M^iW « = 0(/^^)-«' 

where a = 0{d'^^^/M) is nonnegative. This gives the first part of the lemma. 

If furthermore c/^ax = o{M^/^) and Mi{R) - Mi(L) — )■ oo, then all the 0{.) terms in the 
displayed equations above can be replaced by (1 + o(l))(.). The lemma follows. I 

Corollary 3.4 // (i^^x — o{M) and M2{R) = 0{d^^^), then the probability that there exists 
a loop or a double pair is 0{d'^^^/M) . 

Proof. If = o(M) and M^iR) = 0(rfLJ, then EBo = O^M^iR) / M,{R)) = 0{dlJM)- 
EB, = 0{M2{L)diJM^) = 0{dtJM) (since M2{L)/M,{R) < M2{L)/M,{L) < rf^,,); 
EB2 = 0{d^^^/M'^) = o{d'^^^/ M) . The result follows by the first moment principle. I 

We will need to prescribe some upper bounds on the likely values of the random variables 
of interest. Define 

r]{L) = M2(L)/Mi(L), 7]{R) = M2{R)/M,{R) 

and let 

fco = max{lnM,877(L),8r/(i?)}, ki = k2 = max{\nM,8ri{Ly,8r]{Rf} {i = 1,2). (3.2) 
Clearly r]{L) = 0{d^^y) and ri{R) = O(dmax)- 

Lemma 3.5 //<ax = ^(M), then P{Bi > k,) = 0{M-^) fori = 0,1,2. 

Proof. For any h = o(v^M), the probability that there exist h loops is bounded above by 
the h-th factorial moment of Bq. Following the same pattern of proof as for Lemma [3. this 
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is at most 



E n 



' 'd,\ \ lMi{R) - 2h]M,,L)U{Mi{R) - Mi(L) - 2ft) 



ii,...,iheR \j=l 
il<---<ih 



< 



[Mi{R)]m,(l)U{Mi{R) - Mi{L)) 

M2{RY' [M,{R) - 2h]M,iL)U{Mi{R) - M,{L) - 2h) 
2m [M,{R)]M,iL)U{M,{R) - M,{L)) 



-2i-V 



(3.3) 



2^. Y{t-\M,{R) 

_ M^jRf Yltli^iiR) - Mi{L) - 2i) M^jRf {M^{R) - M^{L)f 
]lT=o\M^{R) - 1) ^ Mi(i?)2^ 

Since Mi[R) = 0(M) and h = o{\/M), this probability is at most 

^^(Mi(i?) (1 + 0(1))) <^^^^^J "l^J • 

Similarly we have that for any h = o(a/M), the probability that there exist h mixed double 
pairs is at most 

ji,...,if,eL,ii,...,jhG-R \i=i 

ii<---<ih 

^ M^{LfM,{R)\ ^^^^^^^^ ( e M,{L) M^{R) \ 



diA fdjM [MiiR) - 2h]M,(L)-2hU{M,{R) - M^{L)) 



2 )\2 J [M^{R)]M,(L)U{Mr{R) - M^{L)) 



and the probability that there exist h pure double pairs is at most 

E fn^i 



ii,...,ih&R,ji,---,jh&R 

ii<-<ih 



die\ MA \ [^i(^) - ^h]M,iL)U{M,{R) - M,{L) - Ah) 



2 J\2 ) [M,{R)]M,iL)UiM,{R) - M,{L)) 



2>^h\ Mi(i?)4^ ■ ^ ' 

Note that r]{L) and 1]{R) are both bounded above by (imax- By the definition of ki in f l3.2p . 
ki = 0{lnM + dl^^J for i = 0,l, 2. Since d^^^ = o{M), we therefore have ki = o{y/M). Hence 

P(.o..).(llf)%(^)'""<M-', 
P(B,>h) < (^—.,,(L)-n(R)j <(^) <M-\ 

P(B, > fe) < fi^V' ^ f£!^)" < i^r- < M-. . 

^ ' - - \2tMi{Rf) \ 2k2 J - V16/ 
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Lemma 3.6 Assuming d^^^ = o{M), 

(i) if M2{R) = 0(rfLx + c^Lxln' M), then with probability 1 - 0{diJM), Bo < <ax + 2 

and Bi < d"^^^ + 2 for all i = 1 and 2; 

(ii) if Mi{R) - M,{L) = 0{di^^ + rfLxln' M), then with probability 1 - 0{dl^jM), Bo < 
<imax + 2 and B2 < rf^ax + 2; 

(ill) ifM2{L) = 0(rfLx + f^Lxln' M), the with probability 1 - 0{diJM), B, < + 2. 

Proof. These statements follow easily, after some simple estimations, from (13.31) . (13.41) 
and (1331). I 

We now redefine the values ki as follows. Let Co, Ci ^''^^ C2 be (large) constants specified 
later. If M2{R) < Co(f^max + c^Lxln^^), use ko = rf^ax + 2 and ki = + 2 for i = 1 



and 2; if M,{R) - M^{L) < Ci(rfLx + ^Lxln'M), ko = rf^ax + 2, and k^ = + 2; if 



M2{L) < C2('^max + '^maxl'^^^), ^1 = '^max + 2- With the modified values, we have the 
following immediately from the previous two results. 



Define C/g^/^^j^ be the class of restricted pairings in A^(L,_R, d) that contains /q loops, li 
mixed double pairs, I2 pure double pairs and no double loop or triple pairs. Also, let P(d) be 
the probability that a random pairing V G A^(L, i?, d) corresponds to a simple B-graph. 

The following corollary is obtained from Lemmas 13.11 and 13.21 and Corollary 13.71 by noting 
that the sum of \Ci,^,i^,i2 \ over all Iq, li, I2 is the total number of pairings with Ti = T2 = / = 0. 

Corollary 3.8 



With this corollary in mind, in the rest of the paper when considering |C;o_;^^;2| we implicitly 
assume that < k < ki for i = 0,1 and 2. 

Given a restricted pairing V, we say the ordered pair of pairs {{ui,u'i), (^2,^2)) forms a 
directed 2-path in V if u'l and U2 lie in the same vertex and the three vertices where ui, u[ 
and U2 lie in respectively are all distinct. We then say that the two pairs {ui,u[) and (^2,^2) 
are adjacent. For instance, the ordered pair of pairs ((1, 2), (3, 4)) forms a directed 2-path 
in the four examples in Figure [H Note that a directed 2-path in a pairing corresponds to a 
directed 2-path in the corresponding B-multigraph. Let v denote the vertex where u'l and U2 
lie in. We say the directed 2-path {{ui,u[), (^2,^2)) in V is simple if neither of {ui,u[} and 
{u2,U2} is contained in a double pair and there is no loop at v. 

There are four types of directed 2-paths in which we are interested in this paper. These 
2-paths will be used later to define our switching operations. Those with all vertices lying 
in R are of type 1. A directed 2-path ((a, 6), (c, d)) is of type 2 if a lies in a vertex in L and 
the other points all lie in vertices in R, type 3 if a and d are in vertices in L and the vertex 



Corollary 3.7 //^ 



'max 



o{M), thenP{B, > k,) = 0{d^^jM) fori = 0,1,2. 
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containing b and c is in R, and type ^ if a and d lie in vertices in R and the vertex containing 
b and c is in L. 

Given a restricted pairing V, let t be the number of pure pairs in V. Then 

t = (Mi(i?) - Mi(L))/2. (3.6) 

Let Ai{V) denote the number of simple directed 2-paths of type i for i = 1, 2, 3, 4 and let 

a,(/o, h, h) = E(A,(P) I V e Ci,^i„i,). (3.7) 

Clearly A^{V) = EieL ^(0(^^(0 " 1) " 0(/ic/„,ax) = M2(L) - 0(/ic/„,ax) for any P G Ci,,i,,i, 
since the number of non-simple directed 2-path of type 4 is bounded by 0(/i(imax)- 




L R L R 

(3) (4) 



Figure 1: four different types of 2-paths 

The switching operations we are going to use are ideologically similar to the switching 
operations used by McKay and Wormald [in|. Although those switchings cannot be applied 
here because they do not preserve the property of the pairings being restricted, they can easily 
be adjusted and adapted to our current needs. The main twist is that there are a number of 
alternative switchings available use, and we need to specify which ones should be used, and 
for what values of the parameters, to achieve the desired result. The following two switching 
operations are used to prove Lemma 13. 9[ 

(a) Li- switching: take a loop {2, 3} and two pure pairs {1, 5}, {4, 6} such that the six points 
are located in the five distinct vertices as drawn in Figure |2j Replace the three pairs 
{2, 3}, {1, 5}, {4, 6} by {1, 2}, {3, 4}, {5, 6}. 
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(b) L2- switching: take a loop {2,3} and two mixed pairs {1,5}, {4,6} such that the six 
points are located in the five distinct vertices as drawn in Figure [31 Replace the three 
pairs {2, 3}, {1, 5}, {4, 6} by {1, 2}, {3, 4}, {5, 6}. 




Figure 2: Li- switching 




Figure 3: L2-switching 

For any switching operation that converts a pairing Vi to another pairing V2, we call the 
operation that converts V2 to Vi the inverse of that switching. Thus, the inverse Li-switching 
can be defined as follows. Take a 2-directed path (not necessarily simple) ((1, 2), (3, 4)) of 
type 1 and a pure pair {5, 6} such that the points 1, 2, 4, 5 and 6 lie in five distinct vertices. 
Replace {1, 2}, {3, 4} and {5, 6} by {2, 3}, {1, 5} and {4, 6}. The inverse L2-switching can be 
defined in the same way. 

The following lemma estimates the ratio \Cif^,ii,i2\/\Cio-i,h,h\ counting ways to perform 
certain Li-switchings and their inverses. We express the present results in terms of the 
numbers aj(/o, /i, /2), defined in (13. 7p . whose estimation we postpone till later. 
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Lemma 3.9 Let ai = ai{lo — l,li,l2) (in'd = a^i^lo — l,li,l2) ■ Assume lo>l. Then 




{l + 0{dljt+{k + h)/t)), 



(1 + 0{dlJM,{L) + dlJt + h/M,{L) + (/o + l2)/t)). 



Proof. Let V G €1^^,11,12 and we consider the number of Li-switching operations that convert 
V to some V G CiQ-i,h,i2- For the purpose of counting, we label the points in the pairs that 
are under consideration as shown in Figure O So for any pair under consideration, we will 
incorporate in our counting the number of ways we can label the points in the pair. Let 
N denote the number of ways to choose the pairs and label the points in them so that an 
Li-switching can be applied to these pairs, which converts V to some V G Cif^-i,i-i^d2 without 
any simultaneously created loops or double pairs. This implies that the switching operations 
counted by N destroy only one loop and there is no simultaneous creation or destruction of 
other loops or double pairs. 

We first give a rough count of N, that includes some forbidden cases (due to creating 
double pairs, etc) and then estimate the error. There are /q ways to choose a loop Cq and 
t(t — l) ways to choose (ei, 62), an ordered pair of two distinct pure pairs. For any chosen loop 
Co, there are two ways to distinguish the two end points to label the points 2 and 3 as shown 
in Figure O For each of the other pairs, there are two ways to label its two endpoints, as 1 
and 5, or 4 and 6, as the case may be. Hence a rough estimation of is 8lot{t — 1), including 
the count of some forbidden choices of cq, ei and 62, which we estimate next. Let the vertices 
that contain points 2, 1, 5, 6, 4 be denoted by vo, vi,V2, fs, f4 respectively as shown in Figure O 
The only possible exclusions caused by invalid choices in the above are the following: 

(a) the loop Cq is adjacent to ei or 62, or ci is adjacent to 62, in which case, the Li-switching 

is not applicable since the definition of the Li-switching excludes cases where the edges 
are adjacent because it requires the end vertices to be distinct; 

(b) there exists a pair between {vo,vi}, or {vo,V4}, or {^2,^3} in V, in which case there will 

be more double pairs created after the Li-switching is applied; 

(c) the pair ci or 62 is a loop or is contained in a double pair, in which case there is a 

simultaneously destroyed loop or double pair. 

First we show that the number of exclusions from case (a) is 0(/otc?max)- The number of 
pairs of (eo, ei) is at most lot. For any given cq and ei, the number of ways to choose a pair 
62 such that 62 is adjacent to cq or ei is at most 2dma.x since both cq and 62 are adjacent to at 
most (imax pairs. Hence the number of triples of (60,61,62) such that 62 is adjacent to either 
60 or 61 is at most 2/ot(imax- By symmetry, the number of triples of (60, 61, 62) such that 61 is 
adjacent to either cq or 62 is also at most 2/ot(imax- Hence the number of exclusions from case 
(a) is 0{lotd^^). 
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Next we show that the number of exclusions from case (b) is 0(/o^c?^ax)- As just explained, 
the number of pairs of (eo,ei) is at most lot. For any given cq and ei, the number of ways 
to choose a pair 62 such that V3 is adjacent to V2 or is adjacent to Vq is at most 2(i^j^, 
since both cq and ei have at most d"^^^ edges that are of distance 2 away. Hence the number 
of triples (60,61,62) such that ^3 is adjacent to V2 or t>4 is adjacent to Vq is 0{lotd'^^^). By 
symmetry, the number of triples (60, 61, 62) such that V3 is adjacent to V2 or t>o is adjacent to 
vi is 0{lotd'^^^). Hence the number of exclusions from case (b) is 0(/oi'imax)- 

Now we show that the number of exclusions from case (c) is 0{llt + loth)- The number 
of ways to choose 60,61,62 such that 61 or 62 is a loop is at most 21^1 and the number of 
ways to choose these three pairs such that 61 or 62 is contained in a double pair is at most 
2 ■ lot ■ 2I2 = 0{lotl2). Hence the number of exclusions from case (c) is 0{llt + /o^^2)- 

Thus, the number of exclusions in the calculation of is 0(/o^c?max + ^0^ + ^o^^2)- So 
N = 8lot\l + 0{dlJt + ilo + l2)/t)). 

Now choose an arbitrary pairing V G Cig^i^i-^^j^. Let A^' be the number of ways to choose 
the pairs and label points in them so that an inverse Li-switching operation can be applied 
to these pairs such that V is converted to some V G Cio,ti,t2 without any simultaneously 
destroyed loops or double pairs. To apply this operation we need to choose 60,61,62, such 
that (60, e[) is a simple directed 2-path of type 1 and 63 is a pure pair. We consider the 
directed 2-path (60, 6'i) because it automatically gives a unique way of distinguishing vertices 
fi, Vq and f4 and labelling points as 1, 2, 3 and 4 in Figure[2j There are Ai(V') simple directed 
2-paths of type 1, and hence Ai{V') ways to choose the points as 1, 2, 3 and 4. The number 
of ways to choose a pure pair 63 is t and so there are 2t ways to fix the vertices V2, and the 
points {5, 6}. The only possible exclusions to the above choices are hsted the following cases. 

(a) There exists a pair between {^1,^2} or {^3,^4} in V, since then more double pairs will 

be created if the inverse Li-switching is applied. 

(b) The pair 63 is a loop, in which case the inverse Z/i-switching is not applicable, or 62 is 
contained in a double pair, in which case a double pair is destroyed after the application 
of the inverse Li-switching. 

(c) The pair 62 is adjacent to the 2-path or is contained in the 2-path, in which case the 

inverse Li-switching operation is not applicable. 

The number of exclusions from case (a) is 0{Ai(V')d'^^^) and the numbers of exclusions 
from case (b) and (c) are 0{Ai(V')lo + Ai(V')l2) and 0{Ai{V')dma.x) respectively. 

Thus, the number of exclusions from case (a)-(d) is 0{Ai{V')d'^^^ + Ai{V')lo + Ai{V')l2)- 

So 

E(iV') = E{2A^til+OidlJt+ilo+l2)/t)) I V e C,,_i,,,,,) = 2a,til + OidiJt+ik+l2)/t)). 

We count the pairs of {V,V') such that V G Ci^^,t^,t2i ^' ^ Ci^^-i,h,i2^ V is obtained by 
applying an Li-switching to P, which destroys only one loop without any simultaneously 
created loops or double pairs. Then the number of such pairs of pairings equals to both 
\Ci,^i,^i,\E{N) and \Ci,_^^i,^i,\E{N'). Thus, 
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This proves part (i) of Lemma \3M Analogously we can deduce the following by analysing the 
L2-switching and its inverse. 

\Cio,h,i2 1 _ 2ta3 + O^dl^^^as) + 0(/oa3 + ^203) 



\Ci,.,,i,,i,\ 2kM,{LY + 0(rfLx^i(L)/o + kM,{L)h) 

:(1 + 0{dlJM,{L) + dlJt + (/o + h)/t + /i/Mi(L))). 



ZoMi(L) 



Then we obtain part (ii) of Lemma 13.91 I 

We use the following two switching operations to prove Lemma [3.101 

(a) D I- switching: take a mixed double pair {{3, 4}, {5, 6}} and also two pure pairs {1,2} 
and {7, 8} such that the eight points are located in the six distinct vertices as shown in 
Figure HI Replace the four pairs by {1, 3}, {5, 7}, {2, 4}, {6, 8}. 




Figure 4: Di-switching 



(b) D2- switching: take a mixed double pair {{3,4}, {5,6}} and also two mixed pairs {1,2} 
and {7, 8} such that the eight points are located in the six distinct vertices as shown in 
Figure [51 Replace the four pairs by {1, 4}, {6, 7}, {2, 3}, {5, 8}. 

The inverse switchings are defined analogously to the earlier ones. For instance, the 
inverse Di-switching is defined as follows. Take a directed 2-path ((1, 3), (5, 7)) of type 4 and 
a directed 2-path ((2, 4), (6, 8)) of type 1 such that the eight points are located in six distinct 
vertices as shown in Figure [H Replace these four pairs by {1,2}, {3,4}, {5,6} and {7,8}. 
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Figure 5: D2- switching 



Lemma 3.10 Let ai = ai(0, li — 1, 12) and = 03(0, li — 1, 12)- Assume h > 1. Then 
(i) : Ift>l and M2(L) > 1, 



Proof. For a given pairing V G Cqj-^j^, let be the number of ways to choose the pairs and 
label the points in them so that a Z)i-switching can be applied to these pairs such that V is 
converted to some V G Co,ii_i,i2 without simultaneously creating any loops and double pairs. 
In order to apply a Di-switching operation, we need to choose a mixed double pair {61,62} 
and an ordered pair of distinct pure pairs (63,64). The number of ways to choose {61,62} is 
li in Co,i^,i2 and hence the number of ways to label the points as 3, 4, 5, 6 is 2/i. The number 
of ways to choose the ordered pair of pure pairs (63,64) is t(t — 1). For any chosen (63,64), 
there are 4 ways to label points as 1, 2, 7, 8. Let the vertices that contain points 3, 4, 1, 2, 7, 8 
be Vi,V2, f3, f4, f5, Vq as shown in Figure HI Hence a rough count of N is 8/it(t — 1) including 
the count of a few forbidden choices of 61, 62, 63, 64, which are listed as follows. 

(a) The pair 61 is adjacent to 63 or 64, or 63 is adjacent to 64, in which case the Di-switching 

is not applicable. 

(b) There exists a pair between {t>i, W3}, or {t>2, ^4}, or {t>2, Vq}, or {t>i, ^5} in V, since another 

double pair will be created after the Di-switching is applied. 

(c) The pair 63 or 64 is contained in a double pair, since another double pair is destroyed 

after the Di-switching is applied. 

The numbers of forbidden choices of 61,62,63,64 coming from ), (b) and (c) are 

0{htd^^^), 0{htdU and 0(/it/2) respectively. So iV = 8/1^^(1 + 0{dUt + k/t)). 

For a given pairing V G Cq^z^-i^/j; let N' be the number of ways to choose the pairs and 
label the points in them so that an inverse Di-switching operation can be applied to these 



Co,ii,«2| _ M2{L)ai 



(1 + 0{diJM2{L) + dlJt + hit + hd^jM2{L)))- 




(1 + 0{dlJM,{L) + dlJM2{L) + /i/Mi(L) + hd^jM2{L))). 



Co,z,_i,^J 2/iMi(L)2 
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pairs which converts V to some V G Cq^i^^i^ without destroying any loops or double pairs 
simultaneously. In order to apply such an operation, we need to choose two simple directed 
2-paths, one of type 1 and the other of type 4. There are Ai (V') simple directed 2-paths of 
type 1, each of which gives a way of labelling points as 2, 4, 6, 8, and there are A^lV') simple 
directed 2-paths of type 4, each of which gives a way of labelling points as 1, 3, 5, 7. Hence 
a rough count of A^' is Ai{V') A4^{V') including the counts of a few forbidden choices of such 
two 2-paths which are listed in the following two cases. 

(a) If we have Vi = Vj, for i G {3, 5} and j G {2, 4, 6}, then the operation is not applicable. 

(b) If there already exists a pair between {vi,V2}, or {^3,^4}, or {v5,vq} in V, then more 
than one double pair will be created in this case if the inverse Di-switching is applied. 

The numbers of forbidden choices of the two directed 2-paths from case (a) and (b) are 
respectively 0{A,{V')diJ = 0{a^diJ and 0{A,{r')dlJ = 0{a,dlJ. So E(iV') = 
E(Ai(r)^4(P') I V G Co,/,-i,/,) +0(airfLx) = ai(M2(L) -0(/irf„,ax))(l + 0«,JM2(L))). 
Since /i > 1, we have M2{L) > 1. Hence 

\CoM,\ aiM2(L)(l + 0{diJM2{L)) + 0{hd^J M^iL))) 



\C,M-rM\ m\l + 0{dljt) + 0{hlt)) 

= ^^^^(1 + 0{dlJM2{L) + dlJt + hit + hd^jM,{L))\ 

and this shows part (i) of Lemma 13.101 Similarly we can obtain part (ii) by analysing the 
D2-switching and its inverse. I 

The following two switching operations are used for the next lemma. 

(a) D^-switching: take a pure double pair {{1, 2}, {3, 4}} and also two pure pairs {5, 6} and 
{7, 8} such that the eight points are located in the six distinct vertices as shown in 
Figure El Replace the four pairs by {1, 5}, {2, 6}, {3, 7}, {4, 8}. 




Figure 6: D3- switching 
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(a) D 4^- switching: take a pure double pair {{1, 2}, {3, 4}} and also four mixed pairs {5,6}, 
{7, 8}, {9, 10}, {11, 12} such that the twelve points are located in the ten distinct vertices 
as shown in Figure [71 Replace the six pairs by {6, 10}, {8, 12}, {1, 5}, {3, 9}, {2, 11}, 
{4,7}. 




Figure 7: D 4- switching 



The inverse switchings are defined in the obvious way. For example, for the inverse of the 
Ds-switching, take two directed paths of type 1, ((5, 1), (3, 7)) and ((6, 2), (4, 8)), such that 
the eight points are located in six distinct vertices as shown in Figure [61 Replace these four 
pairs by {5,6}, {1,2}, {3,4}, {7,8}. Define biikJuh) = E{A{Vf \ V G Ci,,i,,i,) for z = 1 
and 3. 

Lemma 3.11 Assume ^2 > 1- Por z = 1, 3, let hi = bi{0, 0, 12 — 1) for short. Then 



(i) : Ift>l and bi > 1, 

:i + 0KaxA + t^maxai/&l+/2A)). 



I 16/2^2 



•'0,0,/2-l| -'-"''2 

(m) : If Mi{L) > 1, 63 > 1 and t > 1 



|Co,o,/2-il kM^W 



1 + 0(rfLxa3/&3 + <ax/Ml(L) + hit)). 



Proof. For a given pairing V G Co,o,«2 5 l^t be the number of ways to choose the pairs and 
label the points in them so that a Ds-switching operation can be applied, which converts V 
to some V G Co,o,i2-i without creating any loops and double pairs simultaneously. In order to 
apply a Ds-switching operation, we need to choose a pure double pair {ei, 62} and an ordered 
pair of distinct pure pairs (63,64). The number of ways to choose {61,62} is I2 in Co,o,i2 ^.nd 
there are four ways to label the points as 1,2,3,4 for any chosen double pair. The number 
of ways to choose an ordered pair of two pure pairs (63, 64) is t()f: — 1) and hence the number 
of ways to label the points as 5, 6, 7, 8 is 4t(t — 1). Hence a rough count of is l&l2t{t — 1) 
including the counts of forbidden choices of pairs 61, . . . , 64 which we estimate next. Let the 
vertices that contain points 1,2,5,6,7,8 be fi, f2, "^3, ^"4, fs, as shown in Figure [6l The 
forbidden choices of the pairs 61, . . . , 64 are listed in the following three cases. 
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(a) When ei is adjacent to 63 or 64 or when 63 is adjacent to 64, then the Ds-switching is 

not apphcable. 

(b) If there exists a pair between {vi, V3}, or {^2, V4}, or {vi, f 5}, or {v 2, vq} in V, then more 

double pairs will be created after the application of the switching operation. 

(c) If 63 or 64 is contained in a double pair, then another double pair would be destroyed 

after the application of the switching operation. 

The numbers of forbidden choices of ei, . . . , 64 coming from (a),(b) and (c) are 0(/2t(imax), 
0(/2t<ax) and 0{llt) respectively. So = 16/2^^(1 + 0{dl^^Jt + k/t)). 

For any pairing V' G Co,o,«2-i5 l^t N' be the number of ways to choose the pairs and 
label the points in them so that an inverse Z)3-switching can be applied to these pairs, which 
converts V to some V G Co,o,/2 without simultaneously destroying any loops or double pairs. 
In order to apply such an operation, we need to choose an ordered pair of distinct simple 
directed 2-paths of type 1. The number of ways to do that is Ai(V'){Ai(V') — 1). So the 
number of ways to label the points 1, 2, . . . , 8 is Ai{V'){Ai(V') — 1), which gives a rough count 
of A^'. The forbidden choices of the two paths whose counts should be excluded from A^' are 
listed in the following cases. 

(a) The two paths share some common vertex or common pair. In this case the inverse 
Ds-switching is not applicable. 

(b) There exists a pair between {vi, f 2} or {t>3, V4} or {f 5, vq} in V. In this case, more double 

pairs will be created after the inverse D3-switching operation is applied. 

The numbers of ways to choose the ordered pair of 2-paths in case (a) and (b) are 0{Ai(V')d'^^^) 
and 0(Ai(P')<ax) respectively. Thus, E(A^') = + 0«^^ai/6i)). 
Hence 

['^ + 0{dlJt + dl,,aJh + {k + h)/t)). 



|Co,o,«2-i| 16/2^2 

Similarly by analysing the D4-switching and its inverse, we obtain Lemma [3.11( ii). I 



4 More switchings to estimate a's and 6's 

The lemmas in the previous section give ratios of the sizes of 'adjacent' classes Cij^k-, but 
those estimates are in terms of aj(/o,^i,/2) {i = 1,2,3) defined in (13. 7p . hi {i = 1,3) defined 
just before Lemma [3.1H and t defined in (13.61) . In this section, we use further switchings to 
estimate the values of these variables. The following two switchings are used for Oj. 

(a) Si-switching: Take a mixed pair and label the points in it by {1, 2} as shown in Figure O 

Take a simple directed 2-path that is vertex disjoint from the chosen mixed pair. Label 
the points by 3, 4, 5, 6. Replace these three pairs by {2, 3}, {1, 4} and {5, 6}. 

(b) 5*2 switching: Take a pure pair {5,6} and a simple directed 2-path ((1, 2), (3, 4)) such 
that the six points are located in five distinct vertices shown as in Figure IHl Replace 
these three pairs by {1, 2}, {3, 5} and {4, 6}. 
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Figure 8: S\- switching 




Figure 9: S2- switching 



The inverse switchings are defined in the obvious way. 
Lemma 4.1 Given Iq, h and I2, let I — Iq -\- l-i -\- 12- We have 
(i) : ifMi(L) < M/4 and M2{R) > 1, 

ai(/o, h, h) = + 0{dlJt + i/t + + lodl^)/M2{Rm 

(ii) : ifMi{L) > M/4 and M2{R) > 1, 

«3(/o, h, k) = ^'mIIr^^^ ^^ + 0{dljM,{L) + ^/M,{L) + {^d^^ + hdl^)/M2{R))). 

Proof. Let = ai{lo,li,l2) for i = 1,2,3. We use the Si-switching to compute the ratio 
ai/a2 and the 5'2-switching to compute the ratio 03/02. We count the ordered pairs of pairings 
{V, V) such that both V and V' are from Ci^^^i^^i^-, and V' is obtained from V by applying an 
(Si -switching to V without any creation or destruction of loops or double pairs. Let A^i denote 
the number of such ordered pairs of pairings. 

We first prove part (i). Assume Mi{L) < M/4. For any directed 2-path of type 1 in 
C/o,;i,/2) the number of 5'i-switching operations that can be applied to it is 

A,M^{L) + OiA,dl^ + A^k) = A^M,{L){l + 0{dljM,{L)+h/M,{L))). (4.1) 
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For any directed 2-path of type 2 in Cig,i^^i2, the number of inverse S'l-switching operations 
that can be apphed to it is 

A2-2t + 0(A2t/Lx + Mk + k)) = ^2 ■ 2t(l + 0{dlJt + (/o + /2)A)). (4.2) 
The total number of S'l-switching operations that can be apphed to pairings in Ci^^i^^i^ is 



^ A(P)Mi(L)(l+0((Cx+^i)/Mi(L))j = aiMi(L)(l+0((rfLx+^)/Mi(L))j|C,„,,, 



and the total number of inverse S'l-switching operations that can be applied to pairings in 

MV) • 2t(l + 0{dlJt + (Zo + h)/t)) = as ■ 2t(l + 0{dlJt + ^/t)) |C,„,,„zJ. 
These two numbers are both equal to N^. Hence 

- = ^^|^{^ + 0{dlJt + dlJM,{L)+^/M,{L)+^|t)). (4.3) 
Oi /c 

Similarly, by the Ss-switching and its inverse we get 
as Mi(L),^ , ^,^2 , , ^2 



a2 2t 
Then gives 



1 + 0{dtJt + <,jMi(L) + £/Mi(L) + ^/t)). (4.4) 



and (14.41) gives 



Hence 



^ = ^^(i + ^((^-x + ) + o((rfLx + ^)lt). 



"2 = ai(^^^(l + 0(«,, + ^)/t))+0((rfL, + ^)/t) 
«3 = ai(^^(l + 0(«^ + £)A))+0((rfL, + £)A) 
Since Mi(L) < M/4, we have Mi{L)/t < 1 and so 

as = ai (^(^^) ' (l + 0((rfL. + £) A)) + 0((rfL, + i)/t) 
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Hence 

2^ 



a, + 2a, + as = a,i^l+ [2^^ + (^^) j (l + 0((rfL, + £)/t)) + 0((rfLx + ^) A) 

= «i (i + ^p-) ' (i + o((rfLx + ^) A)) + o((rfLx + ^) A) 

= «i (i + ' (1 + 0((rfLx + ^) A))- (4.5) 

For any pairing V G CiQ,h,i2, the number of simple directed 2-paths in V is X]j;glur <^(w)(<^(w) — 
1)— 0(£(imax+^o'^max)5 since the number of non-simple directed 2-path is bounded by 0(Zoc?max+ 
^ic^max + ^2'^max) = 0(£(imax + ^oc^max)- the Other hand, the number of simple directed 2- 
paths in "P is Ai + 2A2 + A3 + ^4, since 2A2 counts the number of directed 2-paths of type 2 
and the opposite direction. Then 



Ai + 2A2 + A3 + M2(L) - 0(/id^ax) = d{v){d{v) - 1) - 0(£d^ax + /o^: 



max/ 



Thus, 

A1+2A2 + A3 = M2(i?)+O(£d^ax + /0t^Lx) = M2(i?)(l + 0((^c/^ax + WLx)/^2(i?))). (4.6) 

Combining this with (14.51) . we have 

which proves part (i). 

Next we show part (ii). Assume Mi(L) > M/4. We observe that (14. 3 p also gives 

S = (l + ^((^-x + ^)/Mi(L))) + 0((dLx + ^)/Mi(L)), 

and (14.41) gives 

a, 2t 
^ ~ Mi(L) 

Thus, 

^2 = a3(^^(l + 0((rfLx + ^)/Mi(L)))+0(«ax + ^)/Mi(L)) 
ai = a3(^^(l + 0((rfLx + ^)/Mi(L)))+0(«a. + ^)/Mi(L))^. 



1 + 0(«ax + ^)/Mi(L)) + 0((dLx + ^)/M,{L)). 
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Since Mi(L) > 1/4, we have t/Mi{L) < 1 and so 



a, + 2a2 + a, = (^1 + j^^j (l + 0(«,, + ^)/Mi(L))) 
= M2{R){1 + 0{{£d^,, + lodU/M2{R))). 

Hence 

as = ^'Mllny^^ ^^ + 0{dlJM,{L) + £/M,(L) + {Id^.^^ + /o<..)/M2(i?))). 

This proves part (ii) of the lemma. I 

Recall the definition of bi{lo,li,l2) above Lemma [3.111 We next estimate these using 
simple modifications of the S'j-switchings for i = 1,3. (Note: in this lemma, our abbreviation 
bi contains no shift of index, whilst it did in Lemma [3.111 ) 

Lemma 4.2 For i = 1,3, let ai = aj(/o,^i,^2) ond hi = bi{lQ,li,l2), and let i = Iq + h + l2- 
Assume M2{R) > 1. Then 

(^) : z/Mi(L) < M/4, b, = a?(l + Oid^Jt + i/t + (id^,^ + l.dl,^ + rfLx)/M2(i?))); 
[ii): if Mi{L) > M / A, 

63 = al{l + 0{dlJM,{L) + ^/M,{L) + {^d^,^ + + <,J/M2(i?))). 

Proof. For 1 < z < 5, let XiiV) denote the number of ordered pairs of vertex disjoint simple 
2-paths in V where the first path has type ji and the second has type hi, with (ji, hi) = (1,1), 
(J2,M = (3,3), (j3,/i3) = (1,2), (j4,M = (1,3), and (js, /la) = (2,3). 

The S'3-switching, as illustrated in Figure [TOl is a slight modification of the S'l-switching. 
To apply it, we need to choose a mixed pair and two simple 2-paths of type 1 such that they 
are pairwise disjoint. To apply its inverse, we need to choose a pure pair and two simple 
2-paths of type 2 and 1 respectively such that they are pairwise disjoint. Compared with 
the S'l-switching, the S'3-switching requires an additional simple directed 2-path of type 1. 
However, the pairs in the extra 2-path remain after the S'3-switching is applied since the 
mixed pair and the other simple directed 2-path under consideration are vertex-disjoint from 
the additional directed 2-path. The S'4-switching, as illustrated in Figure dH is a similar 
modification of the 5'2-switching. 

We will first estimate E{Xi{V) \ V G €1^^,1^,12) for i G [5] and then use this to estimate 
bi and 63. Following the analogous argument as in Lemma 14. 1[ we can estimate the ratio 
E(X3(P) I V G Cif^^i^^i^) /^{XiiV) I V G CiQ,h,i2) by counting the ordered pairs of pairings 
{V, V) such that V, V G Cif^^h^i^ and V is obtained by applying an S'3-operation to V without 
any creation or destruction of loops or double pairs. The the number of such S'3-switching 
operations that can be applied to V is XiMi(L) -|- 0{Xx£^^^ -|- Xxl\). The number of such 
inverse S'3-operations that can be applied to V is 2tXj,\0{X-i(S^^-^\ Xj,{Iq\12)). So the ratio 
E(X3(P) I V G C/(„/i,i2)/E(Xi(P) I V G C,„,/,,i2) equals exactly the right hand side of (gj]) 
and the ratio ^{X^(p) \ V G Ci^^i^^i^M^^^z^) I ^ ^ Ci^^i^^i^) equals exactly the right hand 
side of (53]). 
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L R L R 



Figure 10: 5*3- switching 




L R L R 



Figure 11: S'4- switching 
On the other hand, by gJl), for any V E Q^m^, Ai(V) + 2A2(V) + A-siV) = M2(i?)(l + 

O((£rf„,ax + /0<ax)/M2(i?))). ThuS, 

E{Al I V G Ci,,i,,i,) + 2E{A,A2 \ V G d.^^) + HMA^, \ V G d.^^) 
= E(yli(Ai + 2A2 + A3) I P G Ci,^i,^i,) 
= E{A\Ve Ci,,i,,i,)M2{R){l + 0((£<ax + kdU/M2{R))) 

= ai(/o,/l,/2)M2(i?)(l + 0((£d^ax + WLx)/M2(i?))). (4.7) 

We also have 

Xi = A? + 0(Ai<^), X3 = AiA2 + 0(AirfLx), X, = A,A, + 0{A,dlJ, (4.8) 

where the error terms in (14.81) account for the number of ordered pairs of simple 2-directed 
paths that are not vertex disjoint. Let Oi = ai(/o, /i, /2)- Taking the conditional expectation 
on both sides of each equation in (14. 8p . we obtain 

E(Xi I V G Ci,,i,,i,) = E{A\ I V G + 0(ai<^), 

E(X3 I V G Ci,,i,,i,) = E{A,A2 I V G Ci,M,) + O(airfLx), 
E(X4 I P G Cz,,z„;J = E{A,A, I P G Ci,M.) + O(airfLx)- 
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Combining this with (14 .Zp we have 

E(Xi I V G Ci,,i,,i,) + 2E(X3 I V G + E(X4 | V G C.^,,,,;,) 

= aiM2(i?)(l + 0((£rf^ax + /oCx + dlJ/M2{R))). 

So part (i) follows from an argument similar to that used for Lemma [4. II and fl4.8p . Similarly, 
by analysing two switching operations similar to those of S'3-switching and S'4-switching, 
except that the extra 2-path is of type 3, we can estimate the ratio E(X5 | V G Ci^^i^^i^) /Yii^X^ \ 
V G C,„,,,,zJ and E(X2 | V G Cz„,z,,iJ/E(X4 | V G Ci^^i^,)- By the fact that 

X, = A^A, + 0{A,dlJ, X, = A,A, + 0{A,dlJ, X^ = Al + 0{A,dlJ, 

and 

E(X2 I V G Ci,^i,,i,) + 2E(X5 I V G Ci,^i,,i,) + E(X4 | V G Ci,^i,^i,) 
= asik, h, l2)M2{R){l + 0((£<ax + WLx + dU/M2{R))), 

together with Lemma l4.1( ii). part (ii) follows from an argument similar to that in part (i) 
and the proof of Lemma [4.1( ii). I 
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5 Synthesis 

We are now ready to substitute the values of the variables and 6j determined in Section H] 
in the ratios determined in Section [3l and from there to prove the main theorem. The reader 
should not be surprised at how the separate cases combine to give the same resulting formulae 
with the desired error terms; the definitions of the cases and the choices of switchings for each 
case were carefully designed to achieve this. 

Lemma 5.1 Assume d^^^ = o{M). Let = {{h + l2)d^^ + /o'^max)/^2(-R); = ((^i + 
l2)dma.x) /M2{R) and a2 = {hdmax + d^^^J / M2{R) . Assume M2{R)/d^^^ is sufficiently large. 
Then 

/ • -x I ^u, 11, 12 I '"J^ / 1 I /''^max "I" ^I'^max '^max "I" ^1 "I" ^2 A A / , r\/ \\ 7 \1 

(«) r = - I 1 + O (^^^^(l)— + Jj — j j (1 + 0(".)). 'i > 1; 

'"') ^^-^^ 1 1 + o + % 4)) ' 

Proof. Let 6 = Mi(L)/M, so that < 5 < 1/2 since Mi{R) > Mi(L). 
Case 1: 6 <1 /4. 

Heret, which was defined as (Mi(i?)-Mi(L))/2, ise(M). By part (i) of Lemmas [33H3III] 
and I4.1H4.2[ and recalling f l2.ip -f l2l3|l . we obtain the following, with some of the bounds on 
error terms explained below. 



\^lo,h,h\ 






lo 


\^0,h,h\ 


/ii 


K'0,h-1,«2 


" h 


^-0,0,^2 




K'0,0,/2-1 





K^/0,«l,«2 




Cl0-l,h,l2\ 


k 


K^0,«l,i2 




K'0,Zi-l,«2 


h 


K'0,0,Z2 




K'0,0,«2-l 


k 



;i + + k)/M + Cx«i/&i))(i + 0(^3)). 

For the second equations, note that error terms involving Iq do not appear since Iq = 0, and 
similarly k = k = for the third equation. 

Case 2: 1/4 < 5 < 1/2. 

Here Mi(L) = e(M). By part (ii) of Lemmas EJHSIII] and OHliSl we obtain the follow- 
ing, with some error terms explained below. 







Clo-l,h,h\ 


^0 




fil 


K^0,Zi-l,«2 


k 


K'0,0,Z2 


H2 


^-0,0,^2-1 


k 



4ax + ^l)/M) + (rfLx 



;i + 0{dl,^as/h) + dlJM + km + 0(«2)). 
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To obtain the second of these equations, note that /i/Mi(L) = 0{li/M) = 0{lid^i^^/M2{R)) = 
0{a,). 

Parts (i) and (ii) follow by combining the two cases. To complete the proof of part (iii), 
we show that ai/h = 0{M2{RY^) when Mi(L) < M/4 and 03/63 = 0{M2{Ry^) when 
Mi(L) > M/4. 

First consider Mi{L) < M/4. Considering Oi/fei, we have the following two cases. 

Case 1: M2{R) < C2(c^max + c^Lxln^M). Then k2 = rf^x + 2 according to its redefinition 
after Lemma [3.61 Since M2{R)/d^^^ can be assumed arbitrarily large by the present lemma's 
assumption, the error terms hdma^/ M2{R) and d^g^^/M2{R) in Lemmas I4.1( i) and I4.2( i) can 
be taken arbitrarily small. It follows that ai = Q{M2{R)) and 61 = 0(ai), and so ai/bi = 
0{M2{R)-'). 

Case 2: M2{R)/{d^^^ + dl^^^lv? M) > (2, which can at this point be taken arbitrarily large. 
Then for any ^2 < ^2 = Old"^^^), as defined in (13.21) . the error terms in Lemmas 14. l( i) and l4.2( i) 
can be made arbitrarily small. Thus ai = Q{M2{R)) , bi = O(a^), and CI1/&1 = 0{M2{R)~^). 

On the other hand, assuming Mi(L) > M/4, a similar argument shows that 03/63 = 
0{M2{R)-^). I 

Recall that P(d) denotes the probability that a random pairing V G Ai{L, R,d) corre- 
sponds to a simple B-graph. 

Proof of Theorem l2.1i Recall that P(d) denotes the probability that a random pairing V G 
Ai{L, R, d) corresponds to a simple B-graph, and U (m) denotes the number ml/ ((m/2)!2™'/^) 
of pairings of m points. The total number of pairings in J^{L, R, d) is thus [Mi{R)]mi(l)U{Mi{R)- 
Mi(L)). Since each simple B-graph corresponds to YYi=i pairings in A^(L, i?, d), we have 

(T P A\ Mi(i?)!P(d) 



2(M,(R)-M,{L))/2^(^Mi{R) - Mi{L))/2)\]X'^^^ diV 

and it only remains to show that P(d) = e-^o-^i-^^j^l + 0{d'^^jM)). 

If M2(i?) = 0«^^), we have = 0{di^jM) for i = 0, 1, 2. Then by Corollary [321 and 
the first moment principle, P(d) = 1 — 0{d^^^/M) and we are done. So we may assume 

M2{R)/dl,^ > C (5.1) 

for any arbitrarily large C. (Note we assume throughout that (imax > since otherwise there 
is nothing to prove.) By Corollary 13.81 it is enough to show 

k2 ki ko 

E E E \^^oMm\ = |Co,o,o|e'^°+'^^+'^Hl + OidiJM)). (5.2) 

^2=0 «i=0 lo=0 

Iterating the ratio in Lemma ISTlT i). for any fixed /q < A^o, ^1 < ^1 and I2 < k2, we get 

= 77 (1 + OidlJt + {lo + l2)/t + hlM)f (1 + 0{a,)r 
where is as defined in that lemma. 
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First we sum over Iq. Here we assume t > 1, since otherwise Bq = 0, which will trivially 
give the desired conclusion. Recalling the definition fl3.2p of fcj and its redefinition after 
Corollary 13.6^ we have = 0{d^i^^ + InM) and for i = 1,2, ki = 0{d'^^^ + InM). Consider 
the following two cases, recalling t from (13. 6p . 

Case 1: M,{R) < CoKax + <a. In' M) or 2t < Ci «ax + ^Lx In' M) . 

Here, by the redefinition of ki, we have fco = O(dmax) and k2 = 0{d'^^^), so ao = {0{d'^^^/M2{R))). 
Recalling also the definition ([211]) of Ho as tM2{R) / Mi{Rf , and noting Mi{R) = Q{M) and 
M2{R) = 0{d^^y^M), we have from Lemma [5.1( i) that for 1 < ^ and all relevant li and 

\CloA,l2\ ^ 2 

Hence (bounding d^^^ by (i^^x consistency with the later argument). 



-{f^o/lo + 0{dlJM) + 0«aJi/M)). 



io=o l^o-'^'^^l io=o 

= exp (/io + 0«,JM + d^ax/l/M)) + O + rfn,ax/l)/M) 

using 

^ to! ■^"^ to' 

lo=ko+l lo=ko + l 

for X = o(l), and noting that /io = 0((i^ax/^) in this case, which is o{draax) and hence less 
than (imax/2 for large M. (In particular, /xq tends to quickly unless o?max is large.) Hence 

E = ^^P('"0) (1 + 0«ax/M + rfmax/l/M)) . 

Case 2: M2{R) > Co(rfLx + ^Lxln' M) and 2t > Ci«ax + <axln' M). 
Here ko = 0{\nM + rfmax), h = 0(lnM + <^^) for i = 1,2. Note that dl^^JnM < 
'^max + '^maxin'M = 0{t), and from here we see that k^d'^^Jt = 0(1). Similarly, ^0^2 = 
0{\\i^ M + dl^^^) = 0{t). In this way, we find that lo{dl^^/t + {l^ + h) /t + I1/M + ao) = 0(1) 
provided li < ki for i = 0,1, 2. So, from Lemma [5.1( i). 

ylCioMA = y /^o exp(0(/o«,,/t + {I, + l2)/t + h/M + ap))) 



/^O I -O \^ ^0 7 / "max '2 



\lo=0 " ^ 



max 



M2{R) 
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Note also that > 8r]{R) > 16/io, and > InM. So 

E 77 = Oiiko/16r^%\ = 0((e/16)'=°) = o(M-i). 



/o! 

'o=^o+l 



Also, of course, E!;=o(/^o/^o!)/o < /ioe'^" and E!;=o(/^o/^o!)/o < (/"o + /^o)e'^°. So we have 



+0(e''"(^g + ^„)(i+ * 



Now using 



t M2{R) 



fio/t = M2{R)/M,{Rf = 0{d^^/M), 

fil/t = 0{M,{R)H/M,{Rf) = 0{dlJM,), 

/io = 0(M2(i?)/M), 

/^O = 0((imax), 



we obtain 



max 



Combining the two cases, we have (for li and I2 in the appropriate range) 

X: = |Co,,,,| exp(;.o) (1 + [Mi^ + %)) • 

We will next sum this expression over li. By Lemma l5.1( ii). for any fixed li < ki and 
h < k2, 



1^0,^1,^2! _ ^^1 .n f '^max + ^iC^max '^max , ^1 + ^2 ^ V n _L Df^ Wh 

M-lJV^^y M2{L) +l4- + ^JJ + 
where ai = {h + l2)dmajM2{R). 

Case 1: M2{R) < Co(t/Lx + ^Lx In' M) or M^lL) < Ci«ax + ^La. In' M). Then fci = <^ + 2, 
and summing over < li < ki we obtain 

E E I = exp(/io + /ii) iCo.o,.. I (l + O ( ^'^— J:^— ) ) . 

Case 2: M2(i?) > Co(rfLx + <ax In' M) and M2{L) > Ci(rfLx + ^^Lx In' M). Then for any 
li < ki, I2 < k2, 

1 ( d-mux + ^iC^max C^max , ^1+^2 

M2(L) + ^ + 
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is bounded. Estimating error terms similar to Case 2 of the earlier summation over lo, we 
obtain the same result as in Case 1. 

For summing over I2, the argument is similar, and the final result is (I5.2p as required. I 
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